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One--cEs;..ensional r ionliaem resowce al loczt ion p r o b l e z  hzve bees solved 

by the  -i terative cse of E. recurrecce r e l z t i o n  of t'ne o$inal s t z t e  ssd 

Geeision Tor t:?e sys t e i .  Spzcifics.12.y tvo problem, the  &location of 

proc?uction eI'fori; t o  different fa.ci;ities a sys ten  r e l i z k i l i t y  s - 5 j e c t  

t o  G stogle nor,linea:: cons t r r in t ,  have cms i2e red .  Tke sol.c::'ioZ of the  

first pr&lela is o b t a i x d  Lqaly-ticallj.; however, t'k soiction of zhe secoxd 

one is obtzine2 nLmrical2.y. The second problen i13.usi;retes a wcy of' 

solvicg zxzmerically 2 two-points b o w - 6 . z ~ ~  value problem wkich f req~er , t ly  

occurs &-hen the  ?resent. zetlnod i s  used. 
_ .  



1. IXTROYWTION 

The dis5ribution of efr"ort probles i s  one i n  which a l i r d t e d  resource 

XUSL be allocz%ed moong vzrious zc t iv i t ies . .  Such a problen a r i s e s  i n  s a y  

situz<iois, a c i  the 6eg:ree of 6 i f f i c u l t y  of solution 6epends upon the fora 

of the  2mctions involved. Sever& peo;?le have solved the problez fo r  

s p e c i 3 c  types of fxxctions. 

r e t w n  fuack iox  mc? developed mziyt ic  solutions.  The work W ~ S  enezCzti -3y 

Eliehle (6) a d  nuxerical ~ ~ t i - i o d s  were developed f o r  solutions or' The zd- 

d i t ive  rstcrn f a c t i o n .  

~ozpmzns ( 5 )  studied vmio-is i n c r e a i s g  

Charnes a< Cooper (I) ap2roximsted the  re turz  

f m c t i o n  with piecewise l i n e a r  coc-linuosls f m c t i o z s  so  thzt, l i n e a  pro- 

graxi5ng could be used. A generd.  a lgori thn w a  lleveloped by K a w h  (4) 

where -Lke Tor2 of the r e t u r i  Tw-ct ion w z s  not r e s t r i c t ed .  However, h e  usee 

a piecewise continuous l ir .ezr asproxization. Finally S l iq i ro  a d  'Gager 

f7) solved the  problea where the re-kxrn f-Gction a d  tine d l o c a t i o n  Paction 

were both c o n l i ~ e a  m d  ei-t'zer COTIV~X o r  conczve f u c t i o n s .  

The pi-esect p q e r  presents a f a i r l y  gszerab qproac3  t o  %Le 2 is t r i5cz ioz  

of ef2or-l problen t i l th 20 r e s t r i c t i m s  on t h e  r2twa a d  zlloczi;icn fcx-l ions.  

Tk'o pro%lezs, the allocatior,  of production e f f o r t  t o  d i f fe ren t  f x i l i t l e s  

a d  a sys-lea r e l i z 3 l l i t y  subject  t o  a nonlinezr constraint ,  Ere stadLed. 
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Sqpose  t h a t  a resoxrce i s  t o  be d loca teO t o  N di f fe ren t  z c t i v i t i e s .  

Also suzpose Yczt the  objective i s  t o  d r r i z e  the  t o t a l  retu-m fron a L 1  

the  z c t i v i t i e s .  12 each a c t i v i t y  i s  considered cs E stage the resotzce 

allocatioa problen ca-a be formulated zs a lcultistage decision process a 

shom i n  Fig. 1. Let the  allocziior,  of a q c a t i t y  R of the  resoulrce t o  the 

n ntfi a c t i v i t y  (s tage)  be 0 

be Gn(xn-';On), where tile s t a t e  vzr iable  x t  i s  defined as 

m d  t he  re turn r e s a t i n g  fron this zlloca5ian 

1 

n n-1. n x n = T ,e 1, n .= 1, 2,'. . e N, 1 

0 
1 x = E,  

N 
1 x = 0. 

I n  gsneral ,  the objective f 'mction t o  be mxinized i s  the SLT or' t h e  
N 

n=l 
return f m c t i o n  over a l l  s tages of the  systen such ES 1 Gn{x:-';On). 
if a Eew s t s t e  veria3le i s  defined t o  s z t i s f y  

0 x2 = 0, 

it can, be shown t h a t  , 
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Thus t h e  o2tir;lisztion problem of E oce-dirxnsioczl resource el lcxet ion 

sys tex  CET; be f o m u l a e d  ES a problem i n  which 8 set of 6 , n = 1, 2, ... ,N, n 

N 
2 i s  t o  be chosen t o  m.ximize x where 

N 
2 s = x  

fo r  e system descr i jed  by equztiom (1) and (2) .  

1% c m  be  sho-m by a vzr ie ty  of reas t h z t  the neeessay1 (but  no$ suf- 

f i c i e n t )  conZition f o r  mcocstrained local op t ina l i t y  c2n have t h e  fol loving 

n = 1, 2, ..., N - 1  . 
N N 
1 With x given, 8 czn be coripteS! f r o 2  equatior? (1) by ass ip l r ig  2 

valm of x . Tne corresponding v&a f o r  x i s  o j ta ined  by i t e r a t i v e  N-1 - 0  
1 1 

c t5 l i zz t ioz  of equztions (1) m d  ( 5 ) .  The r e s u l t  i s  d i r ec t ly  coqa red  with 

0 - 0  
1’ 1. th,e giver?. x %e ?rocedue  is  re2e2ted mt i l  the c o x p t e d  v d u e  of x i s  

eqi-izl t o  the given vaice of xo 

value of x 

ere tlae opt ind .  cont ro l  actions correspoxiing t o  the  i n i t i G .  condition 

x 

It i s  worth noting t h z t  fo r  ezck z s s i g e d  

, t he  c o r r e q o c s n g  v a u e  of an, n = 1, 2, ..., N ,  calculated 

1’ 
11-1 
1 

0 
1 eo-quted i n  each run of t r a i l  czlcnlat ions.  



3. AX.LOCITICX 03' PXODUCTIO3 ZiTO2T TO DIFEXBT FACILITIES 

A c o q x i y  nwt; o?erate e f f i c i en t ly  t o  succeed, znd ccnsequentl-j, t he  

i s  o?tiz?LzeO. Tce resocrces il?,d E e s u r e  of sticcess are usually the 

f z c i l i t i e s  a d  cost  respectively. 

which proZuce a s2-gI.e product, l e t  n be the index Tor the  .zppro;ri.zke 

For a coqzny with 11 production f e c i l i t i e s  

n n f a c i l i t y  ccd y i t s  v o l m  of output. The cost  of  producing y zt ezch 

f z c i l i t y  i s  

n n %&ere 2 , b", m d  c are posi t ive c o n s t a t s .  

The f i r n   st p ~ o 6 ~ c e  exactly s mits per  t i n e  period a d  desires t o  

s p l i t  t h i s  procicction lozd between the i? f a c i l i t i e s  so  es t o  r5r,iL?iae 

Cle t o t a l  prozuci cost. 

SOLUTIOI!. Let each poCcctior, f a c i l i t y  represeat a stzge,  l e t  

6n = y" = volme of oul;?ct a t  t'ne n-th stage (n-t'ii proLGctloc 

f a c i l i t y )  

xn = volume of product whic'n remLns to be produced i n  (&a) re- 1 

maining s tages ,  

n x2 = t o t a l  cost  of protiuction up t o  a d .  including tine a-th stage 

(pro&iiction f a c i l i t y )  where cost f o r  the  n-th stage i s  

(7) n n  n i 2  Tcn(en) = an + b e + c ( a  . 
GI  hen the process r t ~ y  be described by the  following two p e r f o r w c e  equat,iozs. 

I? 
1 x = 0, 0 

1 x = s, - en; n-1 xn = x 
1 1  
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Taking pcr t i21 Cerivstives of eqcztions (10) a d  (11) with respect t o  

n-l 
1 x &ml 0” respectively,  we obtain 

= -1, 
a en 

= 0, a-1 
1 ax 

(13) 

S-Lostitutixg equations (12) t‘r?rougi (15) i n t o  the recurrence eqwtLo2, 

r 

. If 



" .  

(% N = 0, gfvc-E). 
1 

I? x-2 5 - 3  
c:<-2 
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A A 

in p e r t i c u ; ~ ~  for c = 0, w? obtain 

2 c= 



,E - u -  

(16) 

1 - 
N 

C 

n = 1, 2, ..., N. 
Let 

s e+er;.ce of 

= A .  
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It is  wor"sh mntioning thEt 3?s~?y pro3leras of resource al locat ion belocg 

t o  t h i s  CI.SS where the return function (cost  o r  profi-,) i s  quactralic f o r a  

e s  given by equz%ion (11). It i s  obvious thzt, t'le r e t u x  fu=ctiox w i l l  be 

cocc~ve  or convex if c n is  pos i t ive  o r  negative, m d  accor2ingl-j the  s ta t ionary 

saint of the f u c t i o n  gives a L?inir,urc o r  a mxizrn. 

currence equatioa given by e q z t i o n  ( 5 )  caa 3e used i f  u l c i  ozly i f  t h e  

objectLve fmc%;io=l is  slinimirsed (o r  nzxizLzec?) when c 

given by equztion (11) is pos i t ive  ( o r  negztive). 

( 5 )  givzs the  n e c e s s ~ ~ r y  conEt ion  of t he  opt ixz l i ty .  

Taerefore, t'ne re- 

n of the  return f m c t i o z  

I n  other words, equation 

Tiis ~cezas t'nai; a 

policy or cbcisior, deterzdned by me  of ea_uati;lon ( 5 )  i s  not necessarily 

I t  za opti-1 policy. 

for the  o?tir,al policy. 

Equation ( 5 )  only provides a c a d i d a t e  or  c a x i i d ~ t e s "  

I n  ger?eral, the  second order varietior; of the  

o3jective ?unction 

if r?ot i q o s s i h l e ,  

arourld the  cm.didate policy  ut be e x k n e d  ic order 

i s  indeed tke opt izz l  policy. It i s  ve,y d i I " f i cL t ,  

t o  do s o  for zzy s o r t  of a c o q l e x  iiiscre2e s y s t e ~  a d  
I 

we o f k n  i5~t.a t o  r e so r t  t o  s izu lz t ion  o r  riuzzrical searc'n ~ ~ G L X I ~  the 

Consider 2 system w i t h  N-stages in se r i e s ,  each stage hzv',r,g Sox4 re- 

&aCmt 'u i t s  comected i n  p a r a l l e l  as shovn i n  Fig. 2. The t o t d  n l a b e r  

of u i t s  at  ezck stSig3 i s  subject t o  a s e p z z b l e  non-linear cozs t re i r t .  

?ro31ex i s  t o  EaxirPize the systezl r e l f 2 b i l i t y  u 6 e r  this co3straint .  

?be 

L e t  us cofisider the  constrairit of the type [ 8 ] ,  

. n=l 



30. . 

n n where p i s  constzrlt for t h e  nth stzg? a d  0 is  the  nudoer of e l e x n t s  

zt the  0 th  stage, t3erefore ,  n W e r  of rechmdarcies employed zt the  nth 

stage is  ( 0  - 1). An in te rpre ta t ion  of t h i s  c o c s t r z i n t , i s  zs follows'  
'_ I 

n 

where 

wn ='wei&-t per  elexer-t et t3e nth stage md, therefare ,  

n n  (w 0 ) w i l l  be the t o t a l  weight of t he  nth s tzge ,  

n 
c -- cost per e l e w n t  Et the  nth stage md, therefore ,  

n n  (c  8 ) w i l l  be the cost of the nth stege.  

Tnis lez6.s to 

n n n  p = c w  . 
We define 

xn = amui?t of constraint  fer't; over a f t e r  a1.10catiisg first 1 
n s t a g = s ,  

n 
2 x = loger l thn  of the re l ia5 i l i ty  upto a d  including f irst  T, 

n id stages = i n  T (1 - (1-R ) ) , 
i=l 

i d 
w h r e  (1-3 ) is the  unreliz3i:ity of t he  M? components i n  p a r d l e l  a d  

eec'n coqor;.ents kas the  r e l i a 3 i l i t y  of Ri at tine i t h  stzge. 

Tilis M-stzge system c a r  cov be presented by the  following perlorz&rce 

x n = x  n-1 - Pn(onI2 ,  n = l , 2 , .  . , N ,  1 1  

0 
1 x = T, 

(32) 

x c = x n-l + Iln (1 - (1 - 3 n en ) ,  n = 1, 2, ..',N, 
2 2  (33) 



xo = 0. 2 

n ihe o3,jecti.r.e f c x t i o x  t o  be Kzicinized is 

N n 
S = 1 Rn (1 - (I - Rn)e ) = 

n=2 

gives by 
. .  

N x2 . (34) 

Ynis corres2onds t o  the logerithz: 02 the  rnwi~m r e l i a b i l i t y .  

(35) n n-3 n-1 n 2 - P ( e - )  , 1 T (xl ',en) = x 

( 3 5 )  n n-1 n n en G (xl ; 6  ) = &n (I - (1 -R ) ) . 
TrLing  pa r t id .  &erbvatives of equztions (35) and (3%) w i t h  respect to 

x ,  LX? 0 respsctively,  we o5tzi.n 2-2 rl 

I 

a 6" 

3-1 axl 

n n  = -2p 6 , 

=f 0, 

n -( 1-R") an( 1-R ) 

(37.54 

( 3 7 4  



where u" = 1 - Rearreaging ttie t e r z s ,  t h i s  e q u t i o n  y i e l b  

where 
n 

t+l 
P 

en 

n 

n 

(38) c a  be soived by Xev%oc's ze-l'nod. 

. . , 1\; ere i n  r e a l i t y  pasi t ive integers  it is  ess*m& that  6 =E: CGE- 

Us0 note tf.iz'i, vki le  6 , n = 1, 2, 

w i l l  be EL ~020- 
n+l) As is less thm ozle, it c% be sezn thzx f(8 

i x r e z s e s  . Taerefore, s t a r t i n g  from a cegztive value, f (6 n+') w i l l  pass 

.__ 7-0.. .-&? r= zera zad t h o  becoze positive, The stepwise procedvze Is given 

E+l = 1, where ( e  i s  the first trial s o ~ c t ~ o x  of 

. . . __ .- . . - . - .  . . . _  . .  . 
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Step 3. Coqmte A ~ .  

Step 4. Cozlpute 

and 

Step 5 .  'Co=pute a new t r i a l  value f o r  en+' f ron  folloving equztion 

n+l . _  n*l f (( e n y )  

f' ( ( O * + l ) J  
( e  )2 = ( e  l1 - - . 

Step 6. Check i f  

. .  . .  

w i l l  &epend on tine accuracy of t'ne result 6esireC. I f  

t h i s  i s  s a t i s f i e d  consider t h a t  i s  m o p t i n n  solut ion 

corresponding t o  the assumd value of el, go t o  s t ep  7 ,  i f  

t h i s  i s  not s a t i s f i e d  go t o  s t ep  4 with the  cew value of 8 

(ER)mEi.X 

n+l , 
n+l n+l )1 by ( 0  t h a t  i s ,  replacing ( 6  

Step 7. I n e r e s e  n by oae axd go t o  s t ep  

N; wher, n becoms grez te r  t h m  N 

I2 

2 u n t i l  A becoms 

go t o  s t e p  8. 

gre zt e r t h  azz 

This  give rise t o  cne of the  fol laving conditions. N (a) xl is 

greater  thm zero, (b) equzl t o  zero a d  (c )  l e s s  than zero.  

. .  



' 14 

Step 9. 

Step 10. 

If it is (a), go t o  ste;? 9,  i f  it i s  ( b ) ,  w e  have an optimzl 

so lc t ion ,  round of f  t're solut ion t o  in tegers ,  if it is ( C I S  go 

to step 10. 
1 Incremnt  8 by O G ~ ,  rr&-e n = 1 agzin and go back t o  s t e p  3. 

1 If Rzsuce 0 by 0.1, make n = 1 again a d  go t o  s t ep  3 u n t i l  xl 

N again becmes greater  t h m  zero. t?'her, "1 is greater thzn zero 

the solut ion is  q ' t inzl  one. fiou;?d off t k e  solut ion t o  en isteger. 

' k e  proce&nes are i l l u s t r z t e d  i n  t h e  flow chart (Fig. 3 ) .  

Psi e ight  s tage pro3len i s  solved for i l l u s t r a t i o n .  Xowever, the  

nmierical nethod developed zre fo r  my systen with a a r3 i t r a ry  nwber  

of stages. 

The const2-n.ts e q l o y e d  f o r  tinis i l l u s t r a t i v e  pro3lex are  givec i n  

TaUe 1. The optinua redundancy obtained is  2s follows. 

0' = 2.30, 

e* = 1.57, 

e3  = 3.31, 

e4 = 5.33, 

e5 = 3.25, 

6 8 = 3.63, 

*7 = 3.15, 

8 0 = 2.53. 

II Since 8 , n = 1, 2, . . . , 8, i n  r e a l i t y ,  should be positive inlegeza,  we 

tZVs: 

. 
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l4b 

e 85 

95 

-75 

. -55  

. .60 

.65 

e 70 

.80 

5.00 

8.00 

2.00 

1.00 

7.00 

3.00 

r; .po 

5.00 



1 .e  = 2, 

I 

e3 = . 3 ,  

4 
8 = 5 ,  

$5 = 3, 

6 e = 4, 

8 e = 3. 

n Since 6 represects the  nuqber 02 e lemnts  at  each stage,  t h e  nu53er of 

reiimdtmt uni t s  at  each s tage i s  obtaiced by subtract ing one fron each of 

them. 

Eere ue note t h z t  287 wits out of 300 un i t s  of resol;rce i s  used which 

gives the optizcx r e l i a b i l i t y  of 0.6384. Results of nuzerical  sizuLatioa 

indicates t%e above r e su l t  is  not s i g n i f i c a t l y  d i f fe ren t  fron t L e  tr l l ly 

optiErl  one. 
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